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Bilevel Optimisation
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Bilevel Optimisation

Bilevel optimisation (BO) problems are hierarchical. In many organizations, the
realized outcome of any decision taken by the upper level leader to optimise their
goals is affected by the response of lower level follower, who will seek to optimise

their own outcomes. Mathematically, Py

X upper level
decision space

min  F(x,y)
x?y

st.  xeX, yEargmi;lf(x,z),
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where F,f : X x Y — R.
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Bilevel Optimisation

Particularly, we are interested in the bilevel optimisation model ,

i F
xeﬂg};}éﬂ%’" (X, y)

st. G(x,y) <0,y €argmin {f(x,2): gx,2) <0},
Z
where F,f : R" x R"” - R,G: R" x R — RP,and g : R" x R™ — RY,

The equality constraints H(x,y) = 0 can be transferred into H(x,y) <
0,—H(x,y) <0.



Hyper-parameter Tuning



Hyper-parameter Tuning

Regularized Regression

Regression problems frequently involve some parameters such as a tube
parameter € in the regression error or a trade-off parameter 6 between the
regression error and the regularisation:

min ZE b))+ 0 ¢(X) )

BER
regularzsanon

regression error

where (@', b;) € R"xR,i=1,--- ,mare sample data, / is the loss function
to quantify the regression error and ¢ is the regularisation favouring some
structures of a solution.



Hyper-parameter Tuning

Applications from Machine Learning

T z_ )2
Lasso [%12 (B bi)” + 0|18,
Ridge Lasso énéRpr (BTd — bi)* + 601|813, s-t. |8l < 62,
i 1
Logistic Regression mlnz {1n(1 + eﬁT“i) — biﬁTai} + 6118113,
BeR";

Support Vector Regression mlnz max{|37a — b;| — €,0} + 0||x||3,

Support Vector Machine 52 ne Z max{1 — b;(8"a’ —y),0} + 0|33
v



Hyper-parameter Tuning

K-fold Cross Validation

» Partition the set 7 := {1,--- ,m} into K parts T,k = 1,--- | K with
TiNTj=0,k#jand T = UK T;.

> Partition the data D := {(a’, b;) }", into K folders Dy := {(d’, b;) }iet,-

» For a given parameter (e.g., i := (0, €)), for each k, solve the model to
get BX(p1) with training data D \ Dy, and then calculate the validation
error on validation data Dy, namely, >y £c(h( B*(p),a'), b;). This
gives us the average validation error

K
= S (B ), ), ).

k=1 i€Ty

» Do this for many values of & and choose one making CV (1) smallest.



Hyper-parameter Tuning

Bilevel Optimisation perspective

Based on the K-fold Cross Validation, for Regularized Regression, we could do

K
) 1 &
o = > te(h(B,d), by)

k=1 i€T;
s.t. foreachk=1,--- ,K, 8" e argmmZ€ k.a), b)) + 06(7),
Z lng
Or we could solve
L
min — L.(h(B*, a
0$€5617.”7/3K K;;( ( (ﬁ
s.t. B,---,85 ¢ argmm ZZ b)) +06()],
k 1 i¢Ty



Hyper-parameter Tuning

Advantage of Bilevel Optimisation

» Cross Validation becomes very expensive when the parameter is in
high dimension. To choose the a parameter such the validation error
CV(p) smallest, the common way is to use the grid-searching. For
example, if 1 = (u1, 2, pu3) " € R3. Each y; has N values, then to
choose a best /, it needs repeat N> times to solve the model.

» CV does not give the value range of the parameter, which means we
need to test many values to find a proper range and then do CV. While
this can be overcome by Bilevel optimisation which calculates the pa-
rameter automatically.



Approaches to Solve Bilevel Optimisation



LLVF Reformulation Approach

Model Reformulation

Bilevel optimisation model
i F
xeﬂg‘l,;relRm (x’y)
st.  G(x,y) <0, y € argmin {f(x,2): glx,2) <0}.
%

We reformulate the above two level problem into a single level model

i F
xelép’,;IéRm (x’ y)

st. G(x,y) <0, glx,y) <0, f(x,y) = ¥(x)

by introduce the lower-level value function (LLVF),

¢(X) = ngﬁgr}l {f(x7z) : g(x,z) < 0}7



LLVF Reformulation Approach

Partial penalization

The single level model

i F 1
it (x,y) (1)

st. G(x,y) <0, g(x,y) <0, f(x,y) = 9(x).

To establish its necessary optimality condition, V00 =i 67 270y + 32 [y -520,7% - 2650)
consider its the partial penalization, for A > 0, 20
150
min Fl(x + MFf(x — (x g0
xER" yeRm ( ’y) (f( ?y) ¢< ))
50
st G(x,y) <0, gx,y) <0.
0

The equivalence is related to partial calmness.'

-10 -5 0 5 10

X
lYE:, J.J. and Zhu, D.L., 1995. Optimality conditions for bilevel programming problems. Optimization, 33(1), pp.9-27.



LLVF Reformulation Approach

Necessary optimality condition

Let (x,y) be a local optimal solution of (1). Under some assumptions, there exist
A>0,u € R, (v,w) € R¥, and z € R™ such that we have

V. F(x,y) + V,G(x,y) Tu+ V.g(x,y) v+ AV.f(x,y) — AV £(x,z,w) = 0,
V,F(x,y) + V,G(x,y) Tu+ V,8(x,9) Tv + AV, f(x,y) =0,
V.f(x,z) + V.g(x,2) 'w=0,

u>0, Glx,y) <0, uTG(x7y) =0,

v>0, glx,y) <0, v'g(x,y) =0,

w>0, gx,2) <0, wg(x,z) =0.

where /(x, z, w) represents the lower-level Lagrangian function >

é(x, Z,w) ::f(xv Z) + WTg(x, Z)

2Gauvin, J. and Dubeau, F. (1982). Differential properties of the marginal function in mathematical programming, Mathematical
Programming, pp. 101-119.



QVI Reformulation Approach

Model Reformulation

For the lower level problem
y € argmin {f(x,z): g(x,z) <0},
ZER™
if it is convex w.r.t. the second variable, then we could consider
(Vyf(x,¥),2—y) >0,V zsuch that g(x,z) <0,

These quasi-variational inequalities (QVI) are equivalent to
yTVif(x,y) = min { 2T Vif() : 80,2) SO | = (),
which allows us to derive a single level reformulation as

i F
xEIRgl,ifIéRm (x’ y)

st G(x,y) <0, g(x,y) <0, ¥y Vif(x,y) = o(x,y).



QVI Reformulation Approach

Partial penalization

The single level model

o F (©) 2

st. G(¢) <0, g(¢) <0, A(C) = ().

Again we consider its the partial penalization

min F(C) + A(R(C) — ¢(¢))

CERntm
st G(¢) <0, g(¢) <0,

where ¢ = (x;y) and A(¢) =y " V,f (x,y).



QVI Reformulation Approach

Necessary optimality condition

Let ¢ be a local optimal solution of (2). Under some assumptions, there
exist A\ > 0, u € RP, (v,w) € R%, and z € R” such that we have

VF(C) + VG(C) "u+ Vg(Q) v+ AVA(() — AV L(¢,2,w) =0,

Vsz(C) + vzg(Cb ) w=0,
u>0,G(¢) <0, u'G(¢) =0,

v>0, g(¢) <0, v'g(¢) =0,
w >0, g(C1,z) <0, w'g(¢l,z) = 0.

where ¢((, z, w) represents the lower-level Lagrangian function

€(47Z7 W) = ZTVsz(C) -+ WTg(ClaZ)'



KKT Reformulation Approach

Model Reformulation

For the lower level problem
y € argmin {f(x,z) : g(x,2) <0},
zZER™M

replacing it by its Karush-Kuhn-Tucker (KKT) conditions derive a single
level reformulation as
' F
ero Biern Y
s.t. G(x,y) <0,

Vof (x,y) — Vyg(x,y) 't =0,
g(,y)t=0, g(x,y) <0, 1<0.



KKT Reformulation Approach

Partial penalization

The single level model

min F(x
teRY xeR" yeR™ ( ’ y)

S.t. G(x,y) <0, 3)
Vof (x,y) — Vyg(x,y) 't =0,
g,y t=0, g(x,y) <0, 1<0.

Standard constraint qualifications fail to hold for (3) due to the comple-
mentary equations g(x, y)Tt = 0. Consider its the partial penalization

. = \ T,
teRq,ggﬂgzl’yeRm (x,y) + Ag(x,y)

s.t. G(x,y) <0,g(x,y) <0, t <0,
Vyf(x,y) — Vyg(x,y) Tt = 0.



KKT Reformulation Approach

Necessary optimality condition

Let (x,y,t) be a local optimal solution of (3). Under some assumptions,
there exist A > 0, u € R?, s € R” and (v, w) € R?? such that we have

Vo F(x,y) + ViG(x,y) "u+ Vig(x,y) T (M +v) + Vih(x,y,1) s =0,
V,F(x,y) + V,G(x, y)Tu + Vyg(x,y)T()\t +v) + Vyh(x, y,t )T =
Ag(x,y) +w — V,g(x, y)s =
h(x,y,t) =
u>0, Gx,y) <0, u G(xy)
v>0, g(x,y) <0, v g(xy)
w>0,1<0, w Tt=0.

)

0
0,
0,
0,
0

)

where
h(x7y7 t) = Vyf(x,y) — vyg(-x7y)—rt



Numerical Implementation



Semi-smooth Newton method

Fischer-Burmeister function

Three optimality conditions have nonlinear complementarity conditions,
which are able to be rewritten as systems only containing equations through
some NCP functions, (e.g. Fischer-Burmeister function®) defined by

Yrg(a,b) :=va*>+b>—a—b. “4)
For instance,

u>0, Gx,y) <0, u G(x,y) =0
Yre(—Gi(x,y),u1)
— Ypp(—G(x,y),u) := g =0.

rn(—=Gp(x, ), )

3Fischer, A. (1992). A special Newton-type optimization method. Optimization, 24(3-4), 269-284.



Semismooth Newton Method

Algorithmic framework

Semismooth Newton method* solves non-smooth equations ®* () = 0, with min-
imizing U (x) := 3|2 (x)II*.

Step 0: Choose A\, e,K > 0,p € (0,1),0 € (0,1/2),5 > 2, x” and set k := 0.
Step 1: If ||®* (x¥)|| < € or k < K, then stop.
Step 2: Choose WX € 9p®* (x*) and find the solution @ of the system
Wkdk = —&* (x).
If the above system is not solvable of if the condition
VI () Tdt < —pd¥|?
is not satisfied, set d* = —V ¥ (y¥).
Step 3: Find the smallest nonnegative integer s; such that
\I/)\(Xk + pskdk) S \I/)\(Xk) + ZO'pSkV\IJ)\(Xk)Tdk.
Then set oy := p%, X! := x* + a4d*, k :== k + 1 and go to Step 1.

4De Luca, T., Facchinei, F. and Kanzow, C. (1996). A semismooth equation approach to the solution of nonlinear complementarity
problems. Mathematical programming, 75(3), 407-439.



Bilevel Optimisation Toolbox

BiOpt toolbox?, to help accelerate the development of numerical toolboxes
for bilevel optimisation, aims at providing a platform on which users can
test a wide range of bilevel optimization problems by using the provided
solvers. The toolbox is made of
» Three bilevel optimisation solvers: SNLLVF, SNQVI and SNKKT
based on three optimality conditions via Semismooth Newton method.
» BOLIB: Bilevel optimisation library of test problems containing 173
bilevel optimisation test examples.

» Derivatives calculator to calculate the first, second and third order
derivatives of a single/set-valued function.

» Optimal-value function tools to operate an optimal-value function.

> Available at https: //biopt.github.io/


https://biopt.github.io/

Numerical Experiments

Comparison of three solvers

Figure: Three solvers need calculate derivatives.

F G f g
SNLLVFE 1st,2nd 1st,2nd 1st,2nd 1st,2nd
SNQVI 1st,2nd 1st,2nd  1st,2nd,3rd 1st,2nd
SNKKT Ist,2nd 1st,2nd 1st,2nd,3rd 1st,2nd,3rd




Numerical Experiments

Comparison of three solvers

Figure: Three solvers solve 124 bilevel optimisation examples.

A 22 22 21! 20 2! 22 23
Number SNLLVE 6 2 8 3 3 1 6
of SNQVI 8 6 6 3 8 5 9
Failures SNKKT 8 8 6 6 9 12 12

Average SNLLVF 154.0 1134 181.7 852 1443 1544 198.6
iterations SNQVI 194.7 1455 1803 102.6 238.7 215.1 2849
SNKKT 166.1 173.7 1579 1709 2124 2332 308.9
Average SNLLVF 0.17 0.10 0.16 0.07 0.15 0.14 021
time SNQvI 055 039 044 035 198 1.94 1.62
SNKKT 5.1 555  3.99 1.23 427 5.68 5.75




Numerical Experiments

Comparison of three solvers

8
—%— SNLLVF 6 —%— SNLLVF
6k 5 SNQVI e 5 SNQVI
> —k— SNKKT 5 8 —— SNKKT
T4t ied
-10
2
2 1 21 23 2“1 N ;1 - ;3
A A
6 500
—%— SNLLVF 400 —>%— SNLLVF
—5— SNQVI
/
§ 300 —%— SNKKT ﬂ
2 /
200 /
/
100
WV /6
2-1 N 21 23
A

Figure: A simple example withn =1, m=1,p=1,q =4.



Numerical Experiments

Comparison of three solvers

# #* # #* #

122 e
0.56 —*—SNLLVF 12 —— SNLLVF
= —=— SNQVI = —+=— SNQVI
‘|.|.>'<: 0.54 —%— SNKKT 2 1.18 —%— SNKKT
1.16
0.52
1.14
21 2t 28 2t 2t 28
A A
5 e I -
—*—SNLLVF —— SNLLVF
® 4 —&—SNQVI —&— SNQVI
£ —%— SNKKT g, —%— SNKKT
IS =25
3
ft—g—9g g o o 20
2t 2! 28 21 21 23
A

Figure: Optimal Control problem with n = 2,m = 274, p = 3, q = 548.



Hyper-parameter Tuning

Ridge Lasso

For Ridge Lasso problem:
min [JAB — b|* + 61|8]%,s-t. || 8] < 6a.
ﬁelR" ” ” 1” H ) S H ”1 2

Partition T = Uf_, Ty with T, N Tj = (), k # j and let A* := Ap,, A" := Ap\z,. and
bk = ka, bk = bT\Tk

K
1
min 75 Akﬁk—bk 2+ 92’
0:=(01,62),y:=(B!,--- ,8K) K — ” H H ”

K
s.t. y €  argmin Z | A*ZF — B¥|1> 4 621241
2111 <62,i=1,-+- K  —;



Hyper-parameter Tuning

Ridge Lasso

Do K = 5-fold Cross Validation with §; € {107%,10=7° ... 107!}, 6, €
{1073,10725. .. |10%}. CV(#) generated by Cross Validation and SNQVT.

m=n cv(o) o7 6,  Time(sec)
50 Cv 0.0912 0.00 1.00 3.71
SNQVI 0.0664 1.79 6.78 0.75
90 Ccv 0.2432  0.00 0.10 541
SNQVI 0.1966 436 9.00 1.58
120 Ccv 0.4879 0.00 0.10 7.05
SNQVI 0.3899 6.89 10.97 2.34
160 Cv 0.3876 0.00 1.00 9.23

SNQVI 0.3258 6.84 10.76 5.96




Hyper-parameter Tuning

Support Vector Regression

For SVR problem®

min Zma}(ﬂﬁ—r "= bi| —€,0} + 683, st. B<B<B.
i=1

BER" £

LetT = {1,--- ,m} = UK_, T}. The Bilevel optimisation model

K
1 .
min v E E |(B*)"a" — b
x:=(B,8,€,0) K k=1 i€Ty
y=(B1 - ,BK)

S.t. €>0,0>0x<8

K
ve agmin Y > max{|(z)7a’ — b — €0} + 0[],

Bl < e\,

6Bennett, K. P, Hu, J., Ji, X., Kunapuli, G. and Pang, J. S. (2006, July). Model selection via bilevel optimization. In The 2006
IEEE International Joint Conference on Neural Network Proceedings (pp. 1922-1929). IEEE.




Conclusion

» Bilevel optimisation is able to do better hyper-parameter tuning than
cross validation idea.

» Three approaches are proposed to deal with bilevel optimisation. All
of are then addressed by Semismooth Newton method which is limited
to solve problems with large size.

» K-fold cross validation increases the problem size of the bilevel opti-
misation, how to design more efficient method ?
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